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First the question is examined as to which binding data, especially if given as Scatchard plots. can be described in
terms of a basic model mechanism. This refers to a linear Iattice of equivalent binding sites (as for example located
on a linear biopolymer) which can exert cooperative interaction between nearest neighbors. It is shown that the ef-
fect of overlapping of potential sites (so-called ““multiple-contact™ binding), as may occur with larger ligands, will
largely be compensated by a higher degree of cooperativity. Therefore, in practice such properties can scarcely be sep-

arated by means of ordinary binding experiments.

A pronounced inflection point in the Scatchard plot turns out to be clearly indicating 3 more complex mechanism
involving at least two rather antagonistic cooperative interactions which may, however, occur even between equivalent

binding sites.

Finally some consequences of different classes of binding sites arc considered. In particular, a simple approach is
intraduced by which the binding to mutually exclusive classes of sites may be described. Such a model is of interest
for multiple-mode binding of ionic ligands to oppositely charged polymers.

1. Introduction

The binding of many kinds of ligands to macro-
molecular structures plays an important role in bio-
logical processes. Pertinent theoretical analysis of ex-
perimental binding data is therefore of great interest
in biophysical chemistry.

From the thermodynamic point of view we note
fundamentally that the free and the bound ligand can
be considered as existing in different phases. Hence
the respective chernical potentials must be equal at
equilibrium, so that we may write

1) +RTInf,c, =u2 + RTIng(v), (n

where “A” denotes the free ligand state (u 4 = stan-
dard potential, f, = activity coefficient, ¢4 = concen-
tration in moles per unit volume) while “a” refers to
the bound state. The standard state of the latter may
be taken arbitrarily according to convenience. The
difference y, — pg will be a more or less complicated
function of the fraction of occupied binding sites de-
pending on the binding mechanism. This is to be ex-
pressed as a fuaction of v, ¢(v), with v = o:'a[z:p being

the binding ratio, i.e., the amount of bound ligand
per macromolecule (cp = concentration of the poly-
mer).

Eq. (1} is easily seen to be equivalent to

Key = o), @)

where K = fy exp {1 — u2)/RT} represents a basic
binding constant. By inversion of (2) we obtain a the-
oretical relation for v, viz.

v= :,o_l(KeA)-

In other words, any binding data can be expressed as
a function of a dimensionless parameter

s=KcA-

which is the product of some suitable thermodynamic
constant and the free ligand concentration. This func-
tion as well as the value of K depend of course on the
special mechanism of binding. Therefore a natural
way to represent experimental results would be a plot
of v versus ¢, as is indeed frequently employed. On
the basis of such a direct binding curve it should in
principle be possible to detenmine the underlying
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mechanism and the characteristic binding constants.
In practice, however, other plots may be more con-
venient.

Very popular is the plot introduced by Scatchard
[1], namely vfc, versus v. One of its advantages
stems trom the fact that all data fall in a limited range
of the coordinate system. This is rather suitable for
extrapolations to the extremes of very low as well us
very high saturation of binding sites. Moreover, the
simplest mechanism is characterized by a linear plot
with 4 negative slope. Deviations from such linearity
are quite sensitive indications of cooperative behavior,
different classes of binding sites. and/or multiple-
contact binding (as to be pointed out below). Some
pertinent aspects concerning the interpretation of
Scutchard plots have been generally discussed else-
where [2]. The present article is to deal with bind-
ing to linear structures. This is encountered quite of-
ten in systems of biological significance. Simple cases
which imply only one class of binding sites as well as
nearest neighbor cooperativity have already been
treated in the literature {e.g., [3,4] ). In practice the
question arises of whether or not experimental data
can actually be interpreted in the frame of such a
model and as to how its parametess may be evaluated.
Naturally the actual mechanism could be more com-
plicated. Definite indications of this as reflected in the
binding curve, especially if represented as a Scatchard
plot, will be of considerable interest. These aspects
are therefore to be examined quantitatively.

First it will be necessary to give a briel compara-
tive survey of the theoretical methods to calculate
equilibrium properties of linear binding. Then we
shall investigate which features of binding curves are
associated with the various possible modes of binding
in the case when there is only one class of equivalent
reaction sites. Finally we direct our attention to the
consequences of more than one class of binding sites,
considering especially the blocking of one type of
sites due to binding to the other. The latter appareni-
ly applies in particular to some systems of actual in-
terest where the binding is due to electrostatic inter-
actions.

Together with other pertinent information the re-
sults of our analysis can be utilized to interpret ex-
perimental binding data with regard to the nature of
the underlying mechanism and a quantitative evalua-
tion of its characteristic parameters.

2. General theoretical principles
2.1. Matrix method and doublet closure

It is assumed that the system under consideration
consists of linear lattices of A equivalent binding sites
which are numbered asi = 1,2, ...,/V. A site may exist
in a number of different elementary binding states r
denoting for instance various forms of free, blocked
and occupied sites. In case of cooperative interaction
between neighboring sites a general equilibrium theo-
ry can be developed rather elegantly on the basis of
the matrix method as first applied to linear biopoly-
mers by Zimm and Bragg [5]. It can be shown to al-
low quite general calculations including end effects
[6] and linear binding [3}.

Provided cooperative interaction is only exerted
between nearest neighbors the probability of a cer-
tain lattice state can be written as a product of weight
factors w,, which are associated with an individual
state r and its interaction with the respective left
neighbor state p. End effects may be described by ap-
propirate weight factors i, and u.. All these quanti-
ties could be expressed in terms of equilibrium con-
stants for the various transformation steps of elemen-
tary binding (see section 2.3). Introducing the matrix

w= (w‘O r)

and the vectors u= (1,), v = (v,.) the partition function
of the system is readily formulated as

Q =Zrl) % U W oo wrN"erer

Furthermore, the probability to {ind a certain sequence
of n elementary states ryry ...r, starting at site i be-
comes

=1 i~1
{ryry .. 4 —Q(uw‘ )y

=uqWV-1y,

X w W N—f—n+l
rere =Y rn,,rn(w "')rn

(the expressions in parentheses being the ry th and
r,,th components of the respective vectors).

For actual calculations W is suitably converted to
its diagonal form

A=mwm~t=(a8 )

3)

(with the eigenvalues A, and transformation matrix M
evaluated from W in the usual way). Then we can for
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instance obtain
- N N
Q=aghy +a N[ +...,

where the coeflicients g, 2y ... do not depend on the
lattice length V. In principle any equilibrium proper-
ty of the system may be calculated along these lines
including iis dependence on N which is determined
by the special end effects. The latter can, however, be
neglected above a certain critical length where the

system virtually behaves like an infinite lattice (V —o=).

This case which often applies in practice involves com-
paratively simple theoretical relations, e.g..

In@=~Nln};, 4

with Ag being the largest eigenvalue of W.

Pertinent calculations can be performed in a rather
straight-forward way by means of the so-called dou-
blet closure [7] which directly follows from (3). At
neglect of end effects it reads

{ry -y =nr) rpry) (1), )

where generally

(or) = {or}/ {p}

stands for the conditional probability of a state r with
its left neighbor known to be in state p. Evidently re-
lation (5) means that doublets are statistically inde-
pendent elements in linear lattices with cooperative
interaction between nearest neighbors. The apparent
usefulness of this principle has already been proved
{8]. Further applications will follow below.

2.2. The sequerice generating fuctions method

The matrix method can in principle also be applied
to cooperative interactions beyond nearest neighbors
[6] . However, since this requires larger matrices the
practical procedure may become extremely tedious.
The problem can be very much simplified by the use
of so-called sequence generating functions [9}]. This
SGF-method has only the disadvantage that it is re-
stricted to practically infinite lattices. En that case it
offers a rather straight-forward approach to the quan-
tity Ay from which @ results according to (4).

It has been shown that Ay is obtained as the largest
reot of an equation for x resulting by evaluation of
the determinant

—vuE)i=0,
with 1 representing the identity matrix wherczs
U= (Up,)

is characterized by zero diagonal elements and the
other U, given by so-called sequence generating tfunc-
tions which charuacterize sequences of like states of
type r following a sequence of type p. In terms of a
dummy variable x they are defined as

Up’_ = uﬁ()}_)x"l + uf)%)x_z + ..,

with u(’;_) being the statistical weight of a sequence of
J states of kind r following a state of kind p.

2.3. Treating a definite binding niechanism

The elementary steps of any linear binding mech-
anism can be generally formulated as

A ¥ xuy = xay, (6)

with the symbols u, a representing the unoccupied
and occupied site, respectively, whereas x and y are
to characterize the instantaneous overall states on its
left and right sides. Introducing a corresponding equi-
librium (binding) constant K., the law of mass action
for (6) reads

(xay}/ {xuy} =K .c;. (7)

Choosing arbitrarily a certain elementary binding con-
stant as K, the probability of any occupied binding
site may be expressed as

xay} = o, s{xuy} (7b)

involving the basic parameters o, =K, /K and s =
Kc, . The probability of any sequence of elementary
states can so be obtained in terms of the ¢’s and s by
successive application of the respective versions ot (7)
starting at some reference lattice state, preferably the
state of completely free sites. In this way the proba-
bility of a lattice with /7 occupied sites turns out to
be proportional to the nth power of s so that the par-

tition function must be
N

Q=2 4,5",

n=0
where the 4,, only depend on the various g-quantities.
Accordingly the fraction of occupied sites, 0, the so-
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called degree of binding is generally evaluated as

(3)

Such an approach can be analogously extended to the
treatment of more than one class of binding sites if
respective o- and s-parameters are defined for each of
them. Then for a class r the degree of binding is sim-
ply

r Nalns = ®)

We note that the total binding ratio will be
v=27g0, (10)
r

where g, represents the maximum number of bound
ligands per macromolecule in class . With 5, = K cs
we then have

viey = 228,K,0,15,. (1)
Thus by combining (10) and (11) the Scatchard plot
of any theoretical binding maoadel may be readily de-
termined once the 8, have been calculated as a func-
tion of 5,. Especially the intercepts %, /., and slopes
S, S.. as obtained upon extrapolating cy =0 (i.e.,
v—0)and ¢y oo (ie., p/cy — 0), respectively, can
be computed. These characteristic quantities can fre-
quently be obtained from experimental data and may
be utilized to analyze the binding mechanism [2]. In
principle four parameters describing the latter should
be quantitatively accessible in this way.

3. One class of binding sites
3.1. Simiple case of nearest neighbor cooperativity

The most uncomplicated situation of copperative
binding will be encountered if a linear and infinitely
long lattice of equivalent sites can be assumed where
each site may be either completely occupied or un-
occupied and these states can only interact with
nearest neighbors. The equilibrium behavior of such
a system has been theoretically analyzed in some de-
tail using the matrix method [3]. The essential points

needed later in this article may be briefly reviewed
employing a new comparatively simple approach
which takes advantage of the doublet closure.

A cooperative binding constant X is defined as the
equilibrium constant of the growth step of binding

A + uua (or auu) == uaa (or aau, respectively), (i12a)
whereas the nucleation step
A + uuu = yau I2b)

has a binding constant K7 which is by a factorof g
smaller, i.e., KO = gK with o = 1/q. This coaperative
parameter g is thus determined by the free enthalpy
of cooperative interaction between two neighboring
occupied sites.

Furthermore we define a quantity Ay according to

(uu) = I/?\O.

This Ag can indeed easily be shown to be identical
with the quantity Aq introduced before in (4). Ap-
plying the doublet closure to the mass action relations
(12} yields for the conditional probabilities of the
other doublets

(aa) = s/x,, (ua)= (\/G’S!AO}\/W( I ~8),
(at) = (/A VT BB

Because of (uu) + (ua) = 1 it then follows that
Ao = 1 +V/o5 VAT = ).

On the basis of these fundamental relations the con-
centration of any sequence of elementary binding
states can be calculated, e g., that of a,, (i.e., exactly
n bound ligands in a row):

¢, =c,(au) (aa)"Yau) = (/) s/Ag)'ey,- (13)

The average length of such sequences, ny, is evident-
Iy equal to {a}/ {au} = 1/(au). A condition that prac-
tically infinite lattices can be assumed, counld there-
fore be formulated as ng <€ N or (au) > 1/N, respec-
tively. Then we find owing to

c, = ?ncn = [os/(?\o - s)zlcn,

C,
e R R o (142)
u

with
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£=(s — 1)/(2V0s). (14b)

The function ¢(£) may be interpreted as a quasi equi-
librium constant of the overall transition of binding
sites, i.e., u == a. As is easily seen we finally have

0= =ta+enieED),

which describes the degree of binding as a function
of the quantity £(g, s).

The approach given here could be successfully ap-
plied to cooperative binding of positively charged
acridine dyes to polyanions (e.g., [10] ) although no
specific binding sites exist there. It is rather a forma-
tion of dye stacks induced by electrostatic ligand
binding and charge neutralization which takes place.
Nevertheless the model mechanism is applicable be-
cause of the fact that the minimum distance between
two stacks (corresponding to a “*free binding site™) is
of about the same size as the distance covered by a
bound ligand (corresponding to an *““occupied binding
site’). A situation involving ligands which may cover
more space on the polymer is to be discussed in the
next section.

3.2, Multiplecontact binding

A larger ligand may be bound to a macromolecular
structure by means of more than one equivalent bind-
ing contact. Then potential binding sites will overlap
each other. With binding contacts instead of binding
sites the general linear problem can well be solved
using any one of the theoretical methods discussed
before. Employing an approach which actually im-
plies the doublet closure it has recently been treated
in some detail [4]. We must emphasize at this point
that presuming the doublet closure requires that only
cooperative interaction between nearest neighbor con-
tacts is allowed.

The binding behavior in such multiple-contact sys-
tems is more complicated than under the simplfer con-
ditions of the preceding section. Because of its great
fundamental interest we shall give here a brief and
slightly simplified version of the basic theory for li-
gands which require 22 (> 1) binding contacts. The
various possible elementary states of a single contact
are to be denoted f,by, ..., b, if it is free or occupied
by the first, second, ..., n#th counter contact on a

ligand, respectively. As is easily realized we have re-
garding the probabilitics of these states

{f1=1-0, {bi} = .= {b”} =0/n,

where ¢ again stands for the degree of binding. These
individual state probabilities together with the condi-
tional probabilities of doublet contact states may
then be used to express the probability of any se-
quence of contact states, for instance that describing
an isolated bound ligand, namely

{fb, ...b,f} = (1 — 8)(fb,) (b, 0.

We note that only (bby), (b,,f), (ff) and (b,b;) are
variable whereas the other conditional probabilities
must be either zero or unity. Furthermore we have to
take into account the rather obvious relations

(ff)+(fbl)= 1, (b t)+(b =1, (15a,b)
as well as
(1 —0)(i'i')+(0/11)(b )=1-6. (16)

Thus the binding can be described in terms ot only
two independent variables which are to be taken here
as f and (ff). These can be related to appropriate
thermodynamic parameters defined again on the basis
of the elementary binding reactions of growth and
nucleation, respectively. The former would read in the
present model

A+f..fb,=tb, ..b b,

nl

(involving n + 2 contacts),

50 that application of mass action and doublet clo-
sure leads to

b (D =Kc, =s. 17

On the other hand, the corresponding nucleation step
yields analogously

(f) (b, /(D! = os. (18)

It should be mentioned that this includes non-cooper-
ative competitive binding of some ligand B to single
contacts so that these are blocked for binding to A.
With a binding constant Ky, for the process f+B = f},
we have {f} = {f5} (1 + Kycg) where {5, f,,and
mean a contact binding neither A nor B, binding B,
and not binding A, respectively. The relations (17)
and (18) then still apply with

K =Kyl(1 +Kyeg)”,



70 G. Schwarz[Analysis of linear binding effects

with K referring to the cooperative binding constant
of A in the absence of B.

On dividing (17) by (18) the cooperative parameter
is given by

g = 1/o = ({f) (b,b, (b, ) (b,,0). (19)
Introducing now an appropriate Ay according to

@0 =1/, (20)
it follows on the basis of (15) and (19)

() = (Aq — 1/, (21a)
(b0 =1/[1 +(y — Dal, (21b)
(b,b,) =g — Dal{1 + Q4 — Dai. Q21c;

ff we insert (20) and (21c¢) in (17) an algebraic equa-
tion of the (i1 + 1)th order for Ay is obtained which
may be written as

Ag — 1)(Ag —5) = os.

From this Ay can be evaluated as a function of s and
q (note there is one and only one appropriate root
greater than one). Once Ay is known the degree of
binding may be calculated by means of the proper
version of (8) which reads in this case

g =naln7\0/3 Ins

(owing to the fact that » contacts are required for a
binding site) or by taking advantage of (16). This re-
sults in

[ g_g = (ng/5) (g~ 1?2371 = g0, 1, 5). 2)

On the other hand, Ag may be expressed in terms of
6, n, and g as

Mo = L5 6 — 1+ A6 — 1P +aqg), (23a)
where

-1 8
§= nl-@’ (23b)

This allows us to determine Ag and subsequently any
other equilibrium property of the system (including
the parameter s) for any given degree of binding (and
known n, g). It should be emphasized that the model
binding mechanism treated here is a more general ver-
sion of the basic one discussed in the preceding sec-

tion. The latter model is included in the present theo-
retical approach for # = 1. For instance, (22} is 2 gen-
eral formulation of the overall quasi equilibrium con-
stant introduced in (14). Thus the general behavior
of binding of ligands to an infinite linear lattice of
only one class of sites with nearest neighbor coopera-
tive interaction 4nd one or more binding contacts per
ligand is completely described by the above relations.
In order to get some fundamental ideas about the pat-
tern and quantitative nature of experimental data cor-
responding to such a mechanism we consider the struc-
ture of respective Scatchard plots and their character-
istic intercepts and slopes.

The concentration of the macromolecular lattices
is conveniently measured with reference to the num-
ber of subunits. Thus

(24a,b)

with the parameter g being the maximum number of
ligands which can be bound to a subunit. We note
that according to (22) and (23)

s=(@/) (g — 1PN (25)

is a definite function of ¢ and ¢. Thus at given g, K, n
and g the Scatchard plot can be calculated in a
straight-forward way.

Typical Scatchard plots for 7 = 1 and variousq
have been presented in the literature [4,11]. For posi-
tive caoperativity (g > 1) they exhibit negative (i.e.,
convex) curvature everywhere while for negative co-
operativity (g < 1) positive (i.e., concave) curvature
is encountered. This is in accordance with a quite gen-
eral principle [2]. The rule that a positively coopera-
tive system can be recognized by a maximum in its
Scatchard plot [12] is apparently less general since
in this case a maximum occurs only forg > 3/2.

Let us now turn to the case of # > 1. Forgq = 1 the
Scatchard plots have been found to appear rather sim-
ilar to those for 1 = 1 at negative cooperativity [4].

It can indeed generally be shown that multiple con-
tact binding leads to a reduced apparent degree of co-
operative inieraction between nearest neighbors. For
a quantitative analysis we first consider the limit of
small 8. There we derive from (25) that

0fs = (nfg)[1 + (2q — 2n — 1)(6{n)]

implying for the initial intercept and slope of the
Scatchard plot

v=gi. vfc, =gK@ls,
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Iy =ngKlq, S =(2q — 27 — 1)K/g.

As far as these characteristic parameters are concerned
it is easily seen that an increase of 11 can be largely
compensated by an increased in g (especially at greater
g-values).

For an extrapolation to the other end of the
Scatchard plot we consider (25) at sufficiently small
values of 1 — 0 so that 6 = | and ¥y = {/g > 1. This
leads te

@fs = frg(1 — "

an-. accordingly yields final intercepts and slopes of

I, =g S =gk,
=0, n>1.

Thus ordinary one-contact binding is associated with
a finite slope at the high saturation intercept of the
Scatchard plot. This slope even tends to becomne very

n=1,

steep as the cooperativity increases since S I1Sg > —ql2.

For multiple-contact binding, on the other hand, the
theory predicts a rather flat behavior at v ~ [ with

an inflection point in that region. In practice, how-
ever, the situation is less definite as can be recognized
from the typical plots shown in fig. 1. The solid curves
refer to n = 1 and various degrees of cooperativity. If
in each case g and n are changed under the condition
of constant intercepts and initial slope, this makes ob-

-2{9/¢,) /1,
[a¥]

o~

Fig. . Scatchard plots for various values of normalized initiat
slopes S; = ([,.M0)Sg = [2(g—r) — 1}/n and n = 1 (solid) or
100 (dashed), respectively.

viously very little difference even when going ton =
100 as far as the overall course of the plot is con-
cerned. The fact that we arrive at virtually the same
curves with extremely different sets of ¢ and 12 means
of course that it will practically not be possible to
determine all the four parameters of the model mech-
anism from pertinent experimental data even if these
are rather accurate.

Let us consider a plot with a fairly steep initial
slope and a pronounced maximum (corresponding to
about Sy 2 5 fy/L., or g/n = 3, respectively). Under
these circumstances the theoretically existing inflec-
tion point will hardly be detectable in actual experi-
ments. [n practice we shall find a rather large negative
S, (with the ratio §3/ /S, [ being virtually indepen-
dent of #) even in cases of an extremely high degree
of multiple contact binding. Nevertheless the apparent
final intercept will still agree fuirly well with the exact
value. Accordingly we have in addition to

L = gn/q)K, Sg = U1 — n/q)K,
apparent values of
S_=—(g/mK.

From this only g, K, and g/n can be evaluated. The
same applies to an overall curve fit. Actually we could
choose 1 arbitrarily as n =% and would stitl be able
to obtain a good fit of the data with correct values of
g and X but a possibly quite false parameterg =¢.
We note, however, that a good value of the correct g
follows as g = (n/i)§ once the actual 2 is known.

In plots which exhibit weakly positive or even neg-
ative initial slopes the final part of the curve may be
difficult to be extrapolated in practice. But as long
as #z is known a curve fit still offers good chances to
evaluate g, K and ¢. Otherwise even g and K will be-
come uncertain.

I =g

3.3. Cooperative interaction beyond nearest neighbors

Nearest neighbor cooperativity has been shown to
imply Scatchard plots which do not exhibit a clearly
pronounced inflection point. Nevertheless such be-
havior has been observed with certain experimental
systems [13,14]_ This may be due to the existence of
(at feast) two different classes of binding sites. How-
ever, it should be made clear that even with only one
type of sites it is cooperative interaction beyond nearest
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neighbors which could result in a phenomenon of
this kind.

For the sake of simplicity we shall consider only
cooperativity up to second neighbors and assume one
contact per site. It should be quite obvious from our
general theoretical approaches how more complex sys-
tems can be quantitatively treated if necessary.

The cooperative binding constant for the growth
of sequences of at least two bound ligands is apain de-
noted X. The cooperative parameters are to be de-
fined as qg and g in such a way that g multiplies
the nucleation binding constant in order to obtain
the binding constant for a ligand cccupying a site
next to a nucleus (5o that a sequence of just two
bound ligands is formed) and in turn this binding
constant is to be multiplied by g, to yield X. (g, thus
describes the additional cooperative interaction with
the second nearest neighbor.) We neglect end effects
and suitably use the SGF-method for the calculations.
Taking the statistical weight factors for a site unoc-
cupied by a ligand as unity the sequence gene ating
function of the unoccugied parts of the lattice be-
comes as usual

Uy =22 x~ = 1/(x — 1).
=1
With s = K¢, the statistical weights of sequences of n
occupied sites are found to be
vy =Ulagqy)s, G>n,

resulting in a corresponding sequence generating func-
tion of

- 2y F
v = (Hagas

V(x) =27 (u,fx7)
=1

=sfq,x — @, — Dsliqgaix(x - s).
The condition U(x) V{x) = 1 accordingly leads to an
algebraic equation of the third order in x, namely
Axy=x3 - (1+s)x2 *(1-0)sx + o(l-0a, )52 =0. (26)

We have to evaluate its largest root Ag. It can be easi-
ly realized that this Ag is greater than both s and 1
and there is only one such root. The calculation is
readily performed by means of a desk computer. We
may then calculate @ using the expression

o AN —ony—20(1 —0p)s
s +NE - 2(1 — o)Ay —3o(1 ~a)s?

which can be derived on the basis of the relations (4)
and (26). Scatchard plots are now numerically obtain-
able according to (24).

Let us first consider the two extreme cases of bind-
ing. Ats —+ 0 we may put

Ag=l+as

and find

6fs = a[l +(2q4 — 3)os},

which leads to

Iy=gKila.  S,=(qq~3)Kla. (27a,b)

Note that the initial slope when extrapolated to the
v-axis intercepts at I = ~£{(2q¢ — 3). Tumning now
to s —> oo it follows at sufficiently small values of 1/s
that

s = 1 —aya’ls,
8/s = (1/s) (1 — o,0/s),

so that

I =g LI, =—(2q94—3), S, =—q9K.

(28a,b,c)

Thus by comparing J,, and I the cooperativity of the
dimerization step in binding may be detenmined. The

quantity K&) = q,qK = —S_, has been generally pointed
out [2] to be the final binding constant, i.e., in this

q; =5
q0=1

5
—>v i,

Fig. 2. The affect of changing g5 on Scatchard plots with a
constant value of ¢, .
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—{v /cA)/I0

L1

—>v /1,

Fig. 3. The effect of changing g, on Scatchard plots with a
constant value of gg. The dashed curve in (a) refers to the
special [ong range cooperativity discussed in the next.

case the binding constant with respect to an unoc-
cupied site which has two occupied ones on each side.

Actual Scatchard plots of various typical shapes
are represented in the fig. 2 and 3. Quite obviously
the qq4- and gy -values are (at least qualitatively) re-
flected in the curve’s behavior at lower and higher
binding, respectively, provided both parameters have
fairly opposing effects. Steep slopes (xising at v —+ 0
and falling at v/c, — 0) and positive curvature (or
even a maximum) indicate (depending on the part of
the plot where they occur) pronounced positive co-
operativity of the first or second interactions, respec-
tively. On the other hand, negative or flat slopes and
positive curvature are characteristic for negative co-
operativity under such circumnstances. In principle, sll
the four parameters of the underlying model, viz. g,
K, qq, and q,, can be determined quantitatively from
experimentally extrapolated initial and final intercepts
and slopes as described by (27) and (28).

Cooperative interactions beyond more than two
neighbors have effects on Scatchard plots which can
at least qualitatively be estimated from the properties
of the curves discussed so far in this section. Quanti-
tative treatment along the above lines would also be-
possible but usually require more computational ef-
fort. An example of long-range cooperative interac-
tion which is nevertheless comparatively easy to

handle mathematically may be given.

We consider a case described by a cooperative pa-
rameter g for the first step of binding after nuclea-
tion. The respective binding constant is to be denoted
K. Further successive binding steps at this nucleus are
assumed to become weaker and weaker (due to some
unfavorable interaction, for instance electrostatic re-
pulsion) as expressed by binding constants of K/2,
K{3, and so on. With s = K¢, the sequence generating
function of the bound ligands will then be

=5 s, 1(s 3 =3 six
V(x)-'qx {l +x+2!(;) +'"}~qx ’

leading to an equation for sfx =y, namely
yre¥ =q(s —»).

As can be easily seen it has one real root yg >0 which
is associated with yy = 5/Aq so that according to (8)
the degree of binding can be written

o (1+¥)6 ~ )
{ +y0)(s _J’o) s

A Scatchard plot calculated on this basis with g =5 is
shown in fig. 3a. Apparently there is no essential dif-
ference compared with the plots corresponding to the
basic maodel with the two parameters gg. g; and only
cooperative interaction up to two neighbors. In prac-
tice it would be especially difficult to distinguish it
from the one where g5~ 5 and g; = 0.3.

3.4. Interpretation of experimental data

We are now in a position to analyze measured
Scatchard plots of linear binding which we assume or
know to involve only one class of equivalent sites.

In the simple case that either negative or positive
curvature is observed throughout (implying no detect-
able inflection point), nearest neighbor cooperativity
in binding may be sufficient to interpret the data. Nega-
tive curvature and especially a2 maximum in any case
reflect positive cooperativity. Positive curvature could
be due to negative cooperativity or multiple-contact
binding. Unfortunately the four parameters of the
general model in section 3.2, including the number
of binding contacts per ligand, can in practice not ail
be determined from a measured plot as we have
pointed out above. Multiple-contact binding can
therefore not be recognized by virtue of ordinary
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binding experiments. The value of n should be known
(for instance from structural information) in order to
arrive at correct values of the other parameters. Other-
wise only more or less approximate values of g, K and
g/n can be evaluated. In any case we can describe the
binding data with any 1 and appropriately adjusted

£ K and q. If such curve fit fails, cooperative interac-
tion beyond the immediate neighbors must be taken
into account. Oune more parameter introduced in this
way should yield a reasonably curve fit then. More
parameters would hardly be of any use in practice.

Scatchard plots which exhibit one or more pro-
nounced points of inflection can in principle occur,
They indicate quite antagonistic cooperative interac-
tions between one bound ligand and at least two
neighbors. Which kind of cooperativity comes first
(last) can apparently be recognized from the shape of
the initial (final) part of the Scatchard plot. A bacic
model theory as presented in section 3.3 should usual-
Iy be sufficient for a quantitative description. It can
be extended to multiple-contact binding at the ex-
pense of introducing another parameter which should
be known since it would otherwise not be accessible
from the data.

Finally it must be emphasized that all the plots so
far discussed — with the sole exception of purely neg-
atively curved ones — can be also due to a superposi-
tion of different classes of binding sites which may
have a less complex nature.

4. Different classes of binding sites
4.1. Independent classes

Naturally there may be more than one kind of
equivalent binding sites for a ligand on a linear struc-
ture. The properties of such a system can he described
by simply superimposing the binding behavior of the
individual classes, provided these do not interact with
esch other. Binding curves and Scatchard plots then
follow by means of (10) and (11) with

6,=0,(1+¢)

where ¢, denotes the pertinent quasi-equilibrium con-
stant of the overall saturation process u, = a, regard-
ing classr, ie., ¢ = [c;/c, ] , which is of course a
function of ¢, . Neglecting raultiple contacts as well

as cooperative interaction beyond nearest neighbors
we apparently have

s, ~ 1 )
olc )= é(g\/&:;; (29)
involving the ¢-function of (14) with s, = K, ¢, and
o = 1l/q,.

Generally the shape of binding curves and Scatchard
plots to be expected under the circumstances has al-
ready been discussed elsewhere [2]. We note that two
non-cooperative classes imply a positively curved
Scatchard plot which could be confused with one due
to only one class of sites but exhibiting negative co-
operativity or multiple contacts. One non-cooperative
together with a positively cooperative class (of com-
parable K-values) will be associated with a Scatchard
plot which starts linearly at a negative slope and then
turns to negative curvature displaying a more or less
pronounced hump similar to some of the plots in figs.
2a and 3b. In case of several classes of sites which all
exert strongly positive cooperativity, a corresponding
number of humps will usually appear in the plot.

4.2. Murual Blocking of sites

The situation will be more complex if sites of dif-
ferent classes interact with each othier. Many possibiti-
ties of such interaction are conceivable [15]. We
shall discuss here only a special case which is of sig-
nificance for certain experimental systems.

Let us assume a linear structure to which a ligand
can cooperatively bind in various different modes but
so that occupied binding sites of one maode block
sites for other modes on that part of the structure.
This should for instance be a reasonable maodel for
the binding of charged ligands to oppositely charged
polymers, e.g., ATP to polylysine [14]. Since in such
cases the nucleation binding constant is determined
by electrostatic attraction, not more than one made
of binding can be effective at the same place on the
polymer.

A rigorous theory for a mechanism of this kind
encounters some difficulties so that a simplified ap-
proach is to be introduced as an apparently useful
approximation. We start from the point that the dif-
ferent classes of bound ligands do not interact direct-
ly in any way but only reduce the number of free
sites accessible to others. For each class we therefore
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simply take the equilibriumn proportion of bound
ligands and those sites which can actually be occu-
pied to be independent of the presence of other
modes. Accardingly we set

8,=¢,B,

where ¢, refers to the appropriate function applicable
also to a corresponding single-mode binding mecha-
nism and § equals the completely unoccupied fraction
of polymer. Because of

B=1-220,=1-6270
i 7

it follows that

9,
0. =Ti55 -

Ir

We note that the degree of saturation of any individ-
ual mode will always be smaller than in the case of
independent classes. The formulation of » and v/cy
remains formally the same as before.

We shall investigate here only nearest neighbor co-
operativity and single-contact binding. The respec-
tive functions ¢, are the same as given in (29). As
may be derived from (14) they obey the limiting
laws

o ls, > lq,, fors, >0,
—p qr, Sl’ - O
Thus while still §, > 0 at ¢, = 0 we find

9K,

Se—7m <1 atc, > = (30)
00 ’ A
r E]'qui

implying [, < Z,g,. This phenomenon is of course
due to the blocking of different types of sites for the
ligands. The final distribution of ligands among types
of binding is evidently proportional to g, K, its initial
distribution, however, proportional to K, /g,. This
could rewlt in a switch of bound ligands from one
mode of binding to another as the level of free ligand
increases. Typical binding cusves and respective
Scatchard plots are demonstrated in the figs. 4 and 5.
First 2 non-coaperative binding mode (g4 = 1) inter-
acting with one of strongly positive cooperativity

(q, = 100} is investigated (fig. 4). Up tocy = 1/K,
practically only a hyperbolic binding curve due to the
first mode is observed. Then it becomes almost com-
pletely suppressed by the second mode (because of

—> v

Fiz. 4. Binding curves and Scatchard plots for two cases of 2
non-cocperative and a positively cooperative binding mode
which exclude each other. Case [ refers to K1 =35,41 = 1,83
=1;Ks = 2,493 = 100, g2 = 2 (the individual binding ratios v}
and v» are indicated by the dashed curves). In case If only the
g-values are exchanged: gy = 2; g2 = 1 (with individua! binding
curves dotted).

g,K5 2 q(K ;). Note that owing to the appreciable
contribution of ¢, to 8, the course of v, versus ¢y
will be clearly flatter and also displaced to higher ¢4 -
values as compared with an independent binding curve
associated with the same parameters. On the other
hand, an unusual effect may occur after the onset of
second binding mode, namely a decrease of the over-
all binding curve. This would apparently be the case

if g5 <g K /(K| + K,)- The Scatchard plot must bend
backwards then. Such an event can obviously never

i

T
—2<

1 2
— v

Fig. 5. Binding curves and Scatchard plots for two cases of
strongly cooperative and mutually exclusive binding modes.
Caselrefersto Ky = 5,41 =100, = 1: K2 = 2,42 = 2500,

gz = 2 (individual binding behavior indicated by dashed curves).
In case II again only the g-values have been exchanged: gy = 2,
g2 = 1 (with individual binding curves dotted).
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take place with independent classes of sites.

Analogous behavior is encountered when both
modes exert strongly positive cooperativity (fig. 5).
Here no binding occurs below cy < 1/K| <1/K;
(where ¢) = ¢5 = 0). Once ¢, is greater than /K,
both modes distribute themselves on the entire poly-
mer according to the limits of g, as given in (30). Thus
28101 0 t8205 . =81 Y (8 £,)0, .-
Again we find suppression of the first and flattening
of the second mode as well as a decay in the overall
binding implying a backward bending in the Scatchard
plotif g, <g,.

In a separate article this simplified approach to
multiple mode cooperative binding will be used to
interpret and evaluate the apparently dual-mode co-

operative binding of nucleotides to basic polypeptides
[14].
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